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CONSTRUCTION OF TYPE II BLOW-UP SOLUTIONS FOR THE 
ENERGY-CRITICAL WAVE EQUATION IN DIMENSION 5 

JACEK JENDREJ 


Abstract. We consider the semilinear wave equation with focusing energy-critical nonlinearity in 
space dimension N = 5 

dttu = Au -I- 

with radial data. It is known [7] that a solution (u, dtu) which blows up at t = 0 in a neighborhood 
(in the energy norm) of the family of solitons Wx, decomposes in the energy space as 

{u{t),dtu{t)) = {Wx(t) +ui,ul) + o(l), 

where limt_>o A(t)/t = 0 and (uo,Mi) £ x L^. We construct a blow-up solution of this type 
such that the asymptotic profile (uq , m* ) is any pair of sufficiently regular functions with Ug (0) > 0. 
For these solutions the concentration rate is A(t) ~ We also provide examples of solutions with 
concentration rate A(t) for u > 8, related to the behaviour of the asymptotic profile near 

the origin. 


1. Introduction 


1.1. General setting. We are interested in the problem of constructing type II blow-up solutions 
for the energy-critical wave equation in space dimension N = 5: 

dttu{t,x) = Au{t,x) + \u{t,x)\‘^^^u{t,x), it,x) G M X 

Denote f{u) := \u\^^'^u. It will be convenient to write the wave equation as a first-order in time 
system: 


(NLW) 


u 


d 


dt \dtu 


dtu 

Au + f{u) 


, ( 8 S !))=(«0 


This equation is locally well-posed in the energy space x (see for example |12| and the refer¬ 
ences therein). In particular, for any initial data (uq, ui) there exists a maximal interval of existence 

(r_,T+), —oo < T- < to < < -boo, and a unique solution {u,dtu) G x n 

- 14 

L 3 (ffi°)). This solution conserves the energy: 

E{u{t),dtu{t)) = ^ J |(9tupdx-b^ J \Vu\'^dx- J F{u) dx = E{uo,ui), 

where E{u) = f f(u)du = (notice that f F(u)dx is finite by the Sobolev Embedding 

Theorem). 

For a function r; : —)• M and A > 0, we denote 


A5/2 ^A^ 


Key words and phrases, blow-up; critical nonlinearity; soliton. 
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A change of variables shows that 


^(( uo ) a , (« i ) a ) = E{uo,ui). 

Equation (jNLWI) is invariant under the same scaling. If (u, dtu) is a solution of (INLWI) and A > 0, 
then 

is also a solution with initial data ((tio)A) (wi)a) at time t = 0. This is why equation (INLWI) is 
called energy-critical. 

We introduce also the inhnitesimal generators of scale change: 


A ^ 

Kv := --^vx 
oX 

A ^ 

:= -Trrvx 

oX - 




- (o +• 


V)r;. 


A=i '2 

A fundamental object in the study of (INLWI) is the family of solutions (u, dtu) 

k|2A-3/2 




(VLa,0), where 


The functions Wa are called ground states. In this paper we are interested in radial solutions 
(u, dtu) of (INLWI) such that inf a II(rt — remains small for T- < t < tQ. In the case 

= 3 it was proved by Krieger, Nakanishi and Schlag m that such solutions form a codimension 
one manifold in a neighborhood of the family {ILa}. This is expected to hold also for N = 5. 
The asymptotic behavior of such (not necessarily radial) solutions as t —)• T_ was described by 
Duyckaerts, Kenig and Merle in j^, both in the case T_ = —oo and T_ > —oo. In the second case, 
which is relevant for us, they obtain the following result. 


Theorem. [71 Theorem 2] Let {u,dtu) he a solution of (INLWI) such that r_ = 0 and infA ||(rx — 
W\,dtu)\\^i^j ^2 remains small for T- < t < Tq. Then there exists a function X{t) : (0,To) —)■ 
(0,+oo), such that 


^hm {u{t) - Wx{t),dtu(t)) = iu*o,ul) e x 

and the convergence is strong in x L^. In addition, X{t) t as t ^ 0'^. 

In this context, Wx is called the bubble of energy and {uq,u\) is called the asymptotic profile. 
Solutions of this type were first constructed by Krieger, Schlag and Tataru |16) in space dimension 
N = 3, where it is shown that for any > 1/2 there exists a solution such that the concentration 
speed is X{t) ~ (later Krieger and Schlag |14j improved this to n > 0). Similar results where 
obtained for energy-critical wave maps by the same authors |15) , for energy-critical NLS in dimension 
A^ = 3 by Ortoleva and Perelman |21] and for energy-critical Schrodinger maps by Perelman |22] . 
Using a different approach, Hillairet and Raphael m obtained C°° blow-up solutions for energy- 
critical wave equation in dimension N = A with blow-up rate X{t) = texp (—logt(l -|- o(l))). 
Collot |5] obtained a related result for supercritical wave equation in large dimension. 

It follows from the classification of solutions with energy E{W) by Duyckaerts and Merle |8] that 
necessarily (mq, u^) ^ 0. In other words, we have non-existence of minimal energy blow-up solutions. 
An analogous result is true also for energy-critical wave maps, energy-critical Schrodinger maps and 
energy-critical NLS. 

This is in contrast with the L^-critical NLS where the conformal invariance produces explicit 
solutions concentrating a bubble of mass and tending weakly to 0 at blow-up. Existence of blow-up 
solutions with a non-zero smooth asymptotic prohle was first observed by Bourgain and Wang |3]. 
Blow-up solutions close to the ground state in the case of L^-critical NLS were extensively studied 
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in a series of papers by Merle and Raphael. They examined in particular the relationship between 
regularity of the asymptotic profile and the blow-up speed. One can consult a survey |19| for an 
account of these results in a proper perspective and a presentation of some recent developments in 
the case of L^-critical gKdV. 

1.2. Main results. The aim of this paper is to construct solutions which blow up by concentration 
of one bubble of energy in space dimension N = 5. Our approach differs substantially from |16| in 
that it produces a blow-up solution with a given asymptotic profile. This profile is seen as a source 
term which permits concentration of the bubble. This point of view is close to a recent construction 
by Martel, Merle and Raphael [l8] in the case of L^-critical gKdV. 

Denote X® := n H^. We prove the following two results. 

Theorem 1. Let {uq,Ui) G be any pair of radial funetions withuQ{0) > 0. Let [u* (t), dtu* (t)) 

be the solution of (jNLWp with the initial data (n*(0), 9fM*(0)) = {uq,uI). There exists a solution 
{u,dtu) of (INLWI) defined on a time interval (0, Tq) and a funetion X{t) : (0, Tq) ^ (0,-|-oo) 
such that 

(1.1) \\{u{t) -Wx(t) -u*{t), dtujt) + Xtit){AW)x{t) - dtu*{t))\\j^i ^^2 = ast-^0^, 

and X{t) = + o{t^). 

Theorem 2. Let ly > 8. There exists a solution {u,dtu) of (INLWI) defined on the time interval 
(0,To) such that 


^hm \\{u{t) - Wx(t) - Uq, dtu{t) - 'w 1)||^1 xl 2 = 0, 

where Xft) = t’'^^, and (uQ,n)() is an explicit radial function. 

We will refer to the situation of Theorem [1] as the non-degenerate case and to the situation 
of Theorem |2] as the degenerate case. Note that in Theorem [T] we allow any regular {uq,u\) with 
ng(0) > 0. Our result might be seen as a first step in a possible classification of all blow-up solutions 
with a non-degenerate asymptotic profile. Theorem [2] demonstrates how the asymptotic behaviour 
of (uqjUi) at X = 0 influences the blow-up speed. The condition z/ > 8 is imposed by our method. 
It could be improved at the cost of some technical details, but we are far from obtaining the whole 
range z/ > 0 as in |14| for N = 3. 

Let us mention that radiality is only a simplifying assumption. A similar construction should be 
possible also for non-radial (uq , ). 

In Theorem |2l the function Uq is given explicitely by (14.11) and u\ = 0. It follows from our proof 
that there exists a function X{t) : (0, Tq) —)• (0,-|-oo) such that X{t) = t^~^^ o{t'^~^^) and the 

solution (n, dtu) satisfies 

||(n(t) - -u*{t), dtu{t) + Xt{t){AW)j^^^ “ H^ixl^ = 0{tl’^-l). 

1.3. Structure of the proof. The first part of the proof consists in obtaining an accurate enough 
approximate solution, or ansatz, {(pQ(t),(pi(t)). This ansatz depends on the modulation parameter 
X{t) and an auxiliary parameter b{t), and is close in the energy space X L^ to {Wx[t) + 

A natural way to define such an ansatz is to apply a version of the separation of variables method. 
This leads to a solvability condition yielding a system of differential equations for X{t) and b{t). 
The derivation of these equations at a formal level is presented in Section [2] It explains the relation 
between the asymptotic behaviour of (uq, and the blow-up speed, as well as the relevance of the 
condition Uq{0) > 0. 
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In Section [3] we give a precise definition of in the non-degenerate case. We prove 

bonnds on the error of this approximate solntion nnder some assumptions on the parameters A and 
b which will be satisfied when we will nse these bonnds in the second part of the proof. In particular, 
we assume that X{t) and b{t) approximately solve the differential equations found in the preceding 
section. 

In Section |4] we choose (nQ(0), u^(0)) such that the differential equations for A and b obtained in 
Section |2] lead to X{t) ~ Next, we repeat the procedure from Section O 

In Section [5] we analyze solutions {u,dtu) of (INLWI) such that {u,dtu) = + (eo,ei) with 

||(eo 5 ei)||^ixL 2 small. In order to control ||(eo 5 £i)|lii-ixL 2 , we use the energy functional I{t), which 
is simply the energy of {u,dtu) with the terms of order 0 and 1 in (eo,ei) removed. Using classical 
variational properties of W one can show that, modulo eigendirections of the flow (which can be 
easily controlled), we have ||(eo,ei)||^i ^^2 ~ We need to correct I{t) with a virial-type 

functional, which yields a mixed energy-virial functional H{t). The correction is negligible with 
respect to ||(e0)hence we can still bound ||(eo,ei)||^i ^^2 hy H{t). However, the virial 
part is significant when we compute the time derivative of H{t). We will essentially prove that 

H'{t) < ^||(eo,ei)|l5fixi2 +ClU^II(eo,ei)|liyixL2, 

where c is a small constant, Ci is a large constant and is the size of the error of the approxi¬ 
mate solution. The above inequality yields ||(eO)£i)||j:/ixL 2 ^ by a straightforward continuity 
argument. 

The reason for using a virial correction can be understood by considering the following quadratic 
term with a large potential concentrated at scale A: 

[ f{Wx)eUx= [ ^v(-)eldx. 

If we differentiate the potential directly with respect to time, we obtain the term 

If A ~ then |^| ~ j, hence there is no hope of closing a bootstrap argument. Instead, we can 
differentiate at scale A and then scale back: 

S L IP'"(a)"” = S L d- 

= 2^^ U(-)(eo)i/A(y(Aeo)i/A + (5teo)i/A) dx 
which is how the virial correction appears. 

The method of using a mixed energy-virial functional to control the error term was introduced by 
Raphael and Szeftel |23) for a construction of minimal mass blow-up solutions for inhomogeneous 
L^-critical NLS. 

In Section |6] we follow a well-known compactness argument introduced by Merle |20| and used 
by several authors starting with the work of Martel m for constructions of multi-solitons. We 
take a decreasing sequence —)• 0^ and we define {un,dtUn) as the solution of (INLWI) such that 
iun{tn), dtUn{tn)) is close to the approximate solution at time t = By a continuity argument, we 
obtain that there exists Tq > 0, independent of n, such that IK^O) £^i)||/jixL 2 < for t G [t„,To], 

with C independent of n. It turns out that this bound on (eo,ei) is sufficient to prove that the 
modulation parameters A and b are close to the formally predicted values from Section [2] The 
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reason for this is that the solution of the differential equations for A and b obtained in Section [ 2 ] 
is stable. In this step it is important to have 7 sufficiently large, in other words to work with a 
sufficiently accurate approximate solution. 

Note that the exponential instability of Wx causes an additional difficulty in the argument. We 
use the shooting method to eliminate the unstable mode. The desired blow-up solution (tt, dfu) is 
obtained by taking a weak limit (no,ni) of a subsequence of (uniTo) , dtUniTo)) and solving (INLWI) 
with the initial data u{Tq) = uq and dtu{TQ) = ui. 

In Appendix we prove sequential weak continuity of the dynamical system (INLWI) under some 
natural (non-optimal) condition, which is an adaptation of an analogous result of Bahouri and 
Gerard in the defocusing case |2l Corollary 1]. This result is required in the last step of the proof. 

In Appendix[B]we provide for the reader’s convenience some well-known estimates of the x 
norm of solutions of (INLWp . The persistence of x regularity is used in Section [5l The energy 
estimates are used in Section |4] They are non-optimal, but sufficient for our purposes. We prove 
also propagation of regularity in a neighbourhood of the origin in the non-degenerate case, which is 
used in Section |3l 

1.4. Acknowledgements. This paper was prepared as a part of my PhD under supervision of 
Y. Martel and F. Merle, at Ecole polytechnique in Palaiseau, France. I was partially supported by 
the ERG grant 291214 BLOWDISOL. 

1.5. Notation. For v,w € L'^ we denote 

{v, w):= V ■ w dx. 

We use the same notation for the duality pairing when v € and w G . 

Linearizing —AV — f{V) around V = Wx we obtain a self-adjoint operator 

Lxh := -Ah - f{Wx)h. 

Differentiating —AWx — fiWx) = 0 with respect to A we find 

Lx{AW)x = 0 . 

We denote L:=Li = -A- f{W). 

We will also use the notation v{t) := {v{t),dtv{t)). 

We denote Z a fixed radial function such that (ALF, Z) > 0. 

Finally, x is a fixed standard C°° cut-off function, that is x(r) = 1 for r < 1, x(r) = 0 for r > 2, 
X'(r) < 0. 


2. Formal picture and construction of blow-up profiles 
2.1. Inverting the operator L. We define 

{AW,f{W)) 128 

■“ (AW, AW) “ lOSvr' 

Proposition 2.1. There exist radial functions A,B£ such that 

(2.1) LA = kAW + f'{W), LB = -AoAW. 

In addition, A{r) ~ r~^, A'{r) ~ A''{r) ~ r~^ and B{r) ~ r~^, B'{r) ~ B"{r) ~ r~^ as 

r -|-oo. 
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Proof. In the proof we will use some standard facts from the theory of Sturm-Liouville equations, 
see for example |25[ Chapter 5]. 

Solving equation (12.11) is equivalent to solving the following ODE: 

(2.2) -ip{r)yy+qir)y = g{r), 

with r S (0,+oo), p{r) = q{r) = —r^f'fW) and g{r) = gAir) = r^{KAW{r) + f'{W{r))) or 
giy = gsiy = —r^AoAlE(r). Notice that |g'(r)| < for small r. 

We know that hW (r) is a solution of (|2.2I) with g[r) = 0. Let r(r) be a second solution normalized 
in such a way that 


>V(AW, r) = r^(AlE • r' - (AW)' • L) = 1 

(W is the modified wronskian, in particular its value is independent of r). 

Take ri < VTS, r 2 > \/l5 (recall that r = ^/T5 is the unique point where AW vanishes) and 
define 

''"'{")■ I ?(A^’ 

It can be easily checked that yi and y 2 are solutions of the homogeneous equation and verify 
>V(AW, yi) = >V(AW, 7 / 2 ) = 1- Hence, we have yj = ajAW + T for some scalar coefficients 01 , 02 . 
Directly from the formulas defining yi and y 2 we obtain the asymptotic behaviour of yi as r —)• O'*" 
and of y 2 as r —)• 00 : 



1N -1 r ds 

2 / 2(0 ~ ^ ~ ^ +° 0 - 

As adding a constant multiple of AW does not change these asymptotics, we obtain that r(r) ~ 
—r~^ as r — >• 0'*' and r(r) ~ —1 as r — >■ + 00 . From the relation VV(AW, T) = 1 we get 

_ r-4 + (AW)' • r 
AW 

which immediately gives r'(r) ~ as r —)• 0 and r'(r) ~ ±r“^ as r —>■ +00 (it can be checked 
that the sign is ” + ”, but we will not use this fact). 

For ro, r G (0, + 00 ) we define 

(2.3) s(r, ro) := AW(ro)r(r) - r(ro)AW(r). 

We see that s(ro,ro) = 0 and rg^s(r, ro)|r=ro = 1) which means that s(r, ro) is the second fun¬ 
damental solution of (|2.2p . Now using the Duhamel formula we obtain a solution of the non- 
homogeneous equation ( 12 . 2 p : 

rr 

A{r) = / s(r,r')y^(r') dr', 

Jo 

B{r)= f s(r,r')yB(r')dr'. 

Jo 


for r < VTs, 
for r > \/l5. 
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Fix r > 0 and let \h\ < ir. In the estimates which follow, all the constants may depend on r. 


We have 


^A{r + h)-A{r) T d , r ''iH 'I 
-/ -^s{r,r )gA{r )dr \ 


h 


dr 


s(r + /i,r') - s(r,r') d , . / /m j / 

- h -)l ■ 


+ ^/ |s(r + h,r')| • | 5 ^(r')| dr'. 


Formula (|2.3p implies that |s(r,ro)| < h when |r — r| < h and |r — ro| < h. Hence, the second 
term above converges to 0 as /i —)• 0. For 0 < rg < r and |r — r| < ^r we have the bound 


This implies 


s(r + /i,r')-s(r,r') d 


d 2 


h 


s(r,r') <-,_sup |^s(r,r')|-|h|<(r') 


\r—r\<h 


dr^ 


so the first term above also converges to 0 as /i —)• 0. This shows that A{r) (and similarly B{r)) is 
continuously differentiable and 


r d 

'('’)=/ dr', 

Jo dr 

r d 

'{r)= J —s{r,r')gB{r')dr'. 


It is clear from these formulas that lim^^Q+ H'(r) = lim^^Q+ H'(r) = 0. 

It follows from the above considerations that A and B, seen as functions on M^, are C^, so they 
are C°° by elliptic regularity. 

Now we consider the behaviour of ^(r) and B{r) as r —+oo. From the crucial orthogonality 
relation AW{r')gA{r') dr' = 0 we deduce that 

+CX) 


rr r+oo 

J AW{r')g{r') dr' = J AW{r')g{r') dr' 


From this and the asymptotics of F and gA it follows that |^(r)| < r~^ and similarly |H(r)| < r~^. 
Using the asymptotics of F' we obtain also |^'(r)| < r“^ and |H'(r)| < r“^. The fact that |H"(r)| < 
r~^ and \B"{r)\ < r~^ follows from the differential equation. □ 

We define A and B as the solutions of (12.11) satisfying the orthogonality condition 


(2.4) 


f Z ■ Adx = f 
Jr5 Jr" 


Z ■ B dx = 0. 


2.2. Determination of blow-up speeds. Let u*{t,x) be the solution of (INLWI) for initial data 
(m*( 0), dftt*(0)) = (mo,mi). At a formal level, while computing the interaction of u* with the 
soliton, we will treat u* as a function constant in space and in time, u*{t,x) ~ v*{t)- (In the 
non-degenerate case we will take v*{t) = u*{t,0) and in the degenerate case v*{t) = qt^, where q 
and /3 are appropriate constants.) We will construct a solution which blows up at t = 0 and is 
defined for small positive t. This means that in our situation the caracteristic length A will increase 
in time. The usual method of performing a formal analysis of blow-up solutions in the case of the 
wave equation consists in defining b := Xt and searching a solution in the form of a power series 
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in b. Following this scheme, we write 


u = Wx + u*{t) + b‘^Tx +lot 
dtu = —b{KW)x + dtu* + lot. 


Here, the profile T is nndetermined, and we search a convenient blow-np speed. Neglecting irrelevant 
terms and replacing Aj := ^A(t) by 5, we compnte 

62 

dttu = -bt{AW)x + y (AoAVF)a + dttu* + lot. 

On the other hand. 

An + f{u) = -jb\LT)x + f{Wx)v* + Au* + f{u*) + lot. 

We discover that, formally at least, we shonld have 

(2.5) LT = -AqAW + ^[btAW + v*(t)^/Xf(W)]. 

6 ^ 

Proposition 12 .1 1 shows that if 

( 2 . 6 ) bt = 


then eqnation (|2.5I) has a decaying regular solution T = B + ^ ^ A. We call equation (12.6p 

together with the equation Xt = b formal parameter equations. In the non-degenerate case v*{t) = 
u*{t, 0) is close to n*(0, 0), so we expect that there exists a solution of the formal parameter equations 
which is close to 


(2.7) 


(A(t),6(t)) 


/kV(0A1)2 4 kV(()^ 3 
V 144 ’ 36 


This is indeed the case, as follows from our analysis in Section |5j 

In the degenerate case we have v*{t) = qtl^, and the formal parameter equations have a solution 


( 2 . 8 ) 


(A(^),6(^)) = (^l+^(l + ^.)n 


if we choose q = and (3 = 


3. Approximate solution in the non-degenerate case 

3.1. Bounds on the profile {Pq,Pi). The functions A and B from the previous section do not 
belong to the space H^. We will place a cut-off at the light cone, that is at distance t from the 
center. Given modulation parameters (A(t),6(t)), we define: 

(3.1) Po{t) := x{:j){X{tf/^v*{t)Ax(^t)+b{ifBx(t))- 

Recall that in the non-degenerate case v* {t) = u* {t, 0) G by Proposition IB. 61 and Schauder 
estimates. 

Remark 3.1. Because of the finite speed of propagation, without loss of generality we can replace 
{u*Q,ul) by (x(-) UQ,x{p)ui), where p is a strictly positive constant to be chosen later. Thus, 
without loss of generality we can assume that the support of {uq,u\) is contained in a small ball 
and that ||(nQ,n3)||xixRi is small. 








Remark 3.2. The fact that the profile {Pq,Pi) is cut at r = t = can be considered as a 
coincidence. The power of t has been chosen in order to optimize the estimates. This is the only 
power for which we can obtain the estimate of the error term which has asymptotically the same 
size as the profile Pq. Also, for this choice, ||T’i||l 2 (the forth term of the asymptotic expansion 
which will be defined in a moment) is asymptotically the same as || To 11^/1- However, the angle of 
the cone has no significance for us. 


Remark 3.3. Notice that the orthogonality condition which we choose to define A and B has little 
significance due to a relatively fast decay of hW. We will use the same orthogonality condition as 
for the error term, as this choice simplifies slightly the computation. Observe that the fact that Z 
has compact support implies that if \{t) t, then f Po(t)Zx dx = 0 for small t. 

In the error estimates which will follow, on the right hand side we will always replace X{t) by 
and b{t) by as this is the regime that we are going to consider later in the bootstrap argument. 
In this section, all the constants may depend on u*. 


Lemma 3.4. Assume that X{t) ~ t^ and b{t) ~ t^. Then 
(3.2) 

Proof. It is sufficient to show that ||x(^)^a||^i ^ (the computation for Bx is the same). We 
have 

|2 


\\x{-)Ax\\hi 


< 


r-\-oo \ 

/ {{x{-)Axir)yfr'^dr = / ((x(—) ^(r))^ dr 

Jo Jo ^ 

[ {x{^)A'{r)Yr‘^dr + f (^x'(^) dr 

Jo ^ Jo ^ ^ 


^ 4 1 4 1 

</ r — drr — 
Jo t Jt/\ 


a 2 . 1 , ^ t 3 

dr < - ~ t-3. 
t/\ r- X 


□ 


Lemma 3.5. Assume that X{t) ~ t^ and b{t) ~ t^. Then 


\\LxPo - X^/\*{t)LxAx - b^LxBxU^ < t"/'. 

Proof. We will do the computation only for the terms with A. The terms with B are asymptotically 
the same. We need to check that 


11(1 - x(f))f'(W,)A,\\^ + II A((l - x(()).4a)L, < 

For the first term we have even some margin since 

11(1 -x(())/'(irA)AA||^, = i||(l - 

For the second term, we have a few possibilities. Recall that A = drr + Either the laplacian 
hits directly A: 


1(1 - x(())A(a1a)|L, = i||{l - A{y))AAl||,, < (r-l)Vdr)‘'' 




either one derivative hits y: 

1 II d 


t 


a'(J)^(^a)|L2 = ^|U'(Y)Al'(r)||^2 <t (r 2)Vdr) ‘ ^ 


(and analogously the term 7||x^(f)y(^A)||j;^2)) or two derivatives hit X) and we get 

. \l/2 

rsj 

t2 




+2 \\) 


.- 5/2 


□ 


We define Pi{t) as a formal time derivative of Po{t), which means that we replace Xt by b and bt 
by KV*{t)X^/‘^, see (12.61) . and we do not differentiate the cut-off function. Explicitely, set 

^i(^) = x(t) (v*{t){h^/^Ax - X^/^b{AA)x) 

(3.3) ^ ^ ^ 

+ \^l^dtv*{t)Ax + 2Kv*{t)\^/HBx - 6AA5)a) • 


Notice that in the regime (12.7p the coefficient is smaller than the other coefficients (all of 
which are, asymptotically, of the same size). However, we prefer to keep the corresponding term in 
the definition of Pi. 


Lemma 3.6. Assume that X{t) ~ t‘^ and b{t) ~ t^. Then 
(3.4) llA(t)||L2 


Proof. All the terms except for the one mentioned above have the same asymptotics, so we will do 
the computation only for the first one. It is sufficient to show that ||x(t)AA||£2 ^ t~^. We have 

r2t/X . 

< (r-')Vdr<(-)3~t-9. 

□ 


Our ansatz <f{t) = {(pQ(t),ipi(t)) is defined as follows: 

r ipo{t) = Wx(t) + Po{t) + u*{t), 
j Ti{t) = -6(t)(AVE)A(t) + Pijt) + dtu*{t), 

where Pq and Pi are given by (13.11) and (13.31) . 

The error term s{t) = (eo(t), ei(t)) is defined by the formula: 


r u{t) = ipo{t) + So{t), 

I dtu{t) = <fi{t) + ei{t). 

We shall impose the orthogonality condition 

J eo^^Adx = 0. 

Lemma 3.7. If X ^ t^, 6 ~ t^ and t is small enough, then 
(3.5) \Xt-b\<\\s\\^,^^,. 

Proof. To find the formula for Xt, first we write 

- b{AW)x + dtu* + Pi{t) + ei{t) = dtu = -Xt{AW)x + dtu* + dtPo{t) + dtso ^ 

dteo = {Xt - 6) (AW)A + (Pi - dtPo) + ei. 
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Notice that for small t and A ~ we have 


I- dtPo{t))Zxdx = (At - b){X^/\*{t){AA,Z)L2 + b^{AB,Z)L2). 


This follows from (|2.4p and the fact that supp(2^a) is contained in the light cone for small t. This 
gives 

d 


0 = 


dt 


J eoZxdx = j 


eqZx dx= dtEoZx dx - At 




dx 


= / {Xt - b){AW,Z) + - b){X^/^v*it){{AA,Z)L2 + b\AB,Z)L2) 


+ (ei)-2 ^a)l 2 — At / eo^(^o-2^)A dx, 


and we obtain 


{Xt-b){{AW,Z) + X^/\*{t){AA,Z) + b^{AB,Z)) = -{ei,Zx) + Xt{eo,j{AoZ)x). 

Rearranging the terms we get 

_ (£o,x(^o^)a) _\-i 

{AW,Z)l 2 + XP^v*{t){AA,Z)+ b‘^{AB,Z)) 

_ (£i,-2:a) _\ 

" {AW, Z) + A3/2r;* {t) {AA, Z) + 62 {KB, Z))' 

For t small enough, (13.Sp follows. □ 


(3.6) 


At= 1- 


Remark 3.8. To be precise, our rigourous argument goes the other way round - we use (13.61) and 
(12.61) to define the local evolution of the modulation parameters, and then by doing exactly the 
same computation as above, but in the opposite direction, we find that the orthogonality condition 
{eq, jZx)l 2 = 0 is preserved if it is verified at the initial time (which will be the case). Notice also 
that using (12.41) we obtain 


(3.7) 


{u-Wx-u*,Zx) = 0. 


Differentiating this condition we find 

(3.8) Xt{{AW,Z) + {eo, ^(Ao^)a) = -{dtu - dtu*,Zx). 

We need to estimate the error between the formal and the actual time derivative of Pq: 
Lemma 3.9. Assume that X{t) ~ t'^ and b{t) ~ t^. Then 


\\dtPo - Pi\\h^ ^ Vi{t^ + ||e||//ixL2). 

Proof. The error has two parts - one comes from differentiating in time the cut off function and the 
other one from |At — 6|. 

d,Po -Pi= -{^x'(j)ar^u-(t)Ax + b^B,) 

+ x({)a, - b)(v-(t)(Ar2A,-xP^(AA)^ - bHABh). 
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Using Proposition 12.1[ we can write: 


x'(^)^a|| 

i/1 

II 

II //Ar. 

1 || 

An „.Ar. 

llA'iy) ■ 

r'' 

1 

'x 

s- 

1 

+ 

1-: 

II ,/Xr-. 

l|l 

An ..Ar.n 

Ilx'(y) ■ 

t ^ 

1 

(x 

1 

+ 

O) 

1-: 


i x3/2 


(i) 




1 


Il 2 


The same compntation is valid also for A replaced by B. Now we have 

and the same for the second term. 

The compntation for the second line is similar: 


llx(J)Ai|ls, = IIa(y)a>IIh> 

^ II 1 II ^11 1 II 

~ T( —j • —\\l'^ + T x( —j • - L2 ~ 
\ t ' t t r 


■\/t/\ ~ t 


Mnltiplying by — h) and nsing Lemma 13.71 we get the desired estimate. The last two terms 

are exactly the same. □ 

Finally, the following estimate allows to stop the asymptotic expansion of the solntion at Pi. 

Lemma 3.10. Assume that X{t) ~ t^ and b{t) ~ t^. Then 

l|5t-Pl||L2 ^ Vi{t^ + ||e||/JlxL2)- 

Proof. Consider first the terms coming from differentiating the cnt-off fnnction. Like in the proof 
of the previons lemma, we have 


iU'(7)a‘aIIi» ;S II.a'(^)IIh ~ {jp. 




X' 


'X'" ~ ii/v V ^ 

which gives 

r 

^2 ^ V ^ / A A AIIA^ ~ ^2 

The term \\^x'{j)^^^‘^dtv*{t)Ax\\L 2 is even smaller. 

Consider now the other terms. They are of one of the following six types: 

. x(i)AA'/ 26 TA, 

• x(i)A,?r,, 

. x{-t)btX^^^Tx, 

• x{j)btb‘^Tx, 

. x{j)XtXy^dtv*{t)Tx, 

• x{j)X^^‘^dttv*{t)Tx, 

where T G {A,B,AA,AB,AoA,AqB,AqAA,AqAB}. In all the situations T is regnlar and decays 
like r~^ (see Proposition 12.11) . so we can write 

( 

^Jt/\ r' 

Using the fact that A ~ 6 ~ Aj < 6 + ||e||, bt < y/X and that v*{t) is we obtain 


llx(()r; 


A||l 2 < 


dr 


1/2 




,-9/2 


AtAi/2^ + Xt^ + btX^/^ + btb^ + A,A3/2|di^^1 + \^^^\duv*\ < t^t^ + ||e| 

A 
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which hnishes the proof. 


□ 


The last lemma shows that y? is “almost constant” after rescaling. 

Lemma 3.11. Let ci > 0. //Tq is sufficiently small, then for t S (0, Tq] there holds 


l|8i(»>o)l/All*. < J. 

Proof. By the dehnition of ifQ and Pq we get 

{po)i/x = W + x(y) + b^B) + K)i/a. 

The terms with A and B are similar, so we only consider the hrst one. We observe that ^ j 
for small t, with an explicit numerical constant. Now 

The size of the hrst term is acceptable by Lemma 13.41 For the second one, it is sufficient to notice 
that 1"^! < I on the support of x- The conclusion follows again from Lemma 13.41 (Notice that we 
have a large margin for these two terms.) 

Next, we have 

\\9t{u*)i/x\\]yi < + y||An*||^i. 

By Proposition IB. 21 the hrst term is bounded for small t. Choosing p small enough (see Remark 13. II) . 
we can guarantee that ||An*(t)||^i will stay small for small t, which is exactly what we need. □ 


3.2. Error of the ansatz. Our next objective is to estimate the error of the approximate solution, 
dehned as 

_ ( Pi{t) \ 

vV’iWy ■ \pm{t)) \Apo{t) +f{ipo{t))) ' 

In order to do this we hrst need to extract the principal terms of the nonlinear term, which is based 
on the following pointwise estimate: 



Lemma 3.12. 

(3.9) \f{k + l + m)- [f{k) + f{m) + f'{k)l + f'{k)m]\ < \f{l)\ + fil)\k\ + f{m)\k\ + f{m)\l\. 

Proof. The inequality is homogeneous, so we can suppose that k'^ + P + m? = 1. The right hand 
side vanishes only for (k,l,m) G {(±1,0, 0), (0, 0, ±1)}, so it suffices to prove the inequality in a 
neighborhood of these 4 points, where it is an easy consequence of the Taylor expansion of /. □ 

Lemma 3.13. If X{t) ~ b ^ t^ and t is small, then 


WfiMt)) - [fiWx(t)) + f{n*) + f{Wx(t))Po{t) + f'{Wx(^t)W{t)]h2 < t\ 

Proof. We put in the preceding lemma k = ^ = To(t), m = u*{t), and we estimate the 

norm of the 4 terms on the right hand side of (|3.9p . When Po{t) appears, we split it into two parts. 
We sometimes forget X) as its presence here can only help (there are no derivatives). 

Term “1/(01”: 

and r~^^P is integrable near 0, so ||((x(f)^ In a similar 
way, \\{x{j)b‘^Bxy^^\\L^ < 
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Term By a change of variables we get 

||(A3/2^^)4/3^^||^^ = \\\A^I^W\\l2 ~ 

(exponent of A on the left = (3/2 — 3/2) • (4/3) — 3/2 = —3/2, and the L? scaling is —5/2). 

In a similar way, 

Term “/'(m)|/c|”: We use once again the bound of u* and the fact that ||lTA||i;,2 ~ A. 

Term “/'(m) I/1”: Using fl3.2p and the fact that u*{t) is bounded in for small t (by Proposition 
IB.21) . we have 

\\f{u*)Poh 2 < \\f{u*)h, ■ ||PoIIlio/3 

□ 


We can now estimate 

Proposition 3.14. Assume that X{t) ~ t^ and h{t) j'NJ t^. Then 

(3-10) Wipoit) + {Xt - b)j{AW)x\\Hi ^ Vt(||e(t)||^ixL2 + t^), 

(3.11) Uiit) - {Xt - b)j{AoAW)x\\L2 < Vt(||e(t)||^ixL2 +t^). 

Proof. The first inequality is just a reformulation of Lemma 13.91 
For the second inequality, we divide the error into several parts: 

Tpi = dtifi - {Aifo + fiTo)) 

= {-bt{AW)x + ^(AoAIU)a + dtPi + dttu*) 

- {AWx + APo + Au*) 

- ifiWx) + f{u*) + nWx)Po{t) + nwx)u*), 

where we have used Lemma 13.131 in order to raplace f{<fo) by the sum of its principal terms. 
Rearranging the terms and using (12.61) . we can rewrite the sum above as follows: 

V'l = (Xt - b)j{AoAW)x 

- {AWx + f{Wx)) + {dttu* - Au* - f{u*)) 

U2 

- v*{t)VX{-LA + kAW + f{W))x + -{LB + AoAW)a 

A 

+ (-APo - f{Wx)Po) - v*{t)VX{LA)x - j(.LB)x 
+ {v*{t)-u*it))VX{f{W))x 

+ dtPi + 0{f/^). 

Now we proceed line by line. 

Line 1. This is the correction that we substract in (|3.1ip . 

Line 2. Both terms equal 0. 

Line 3. Both terms equal 0 by the dehnition of A and B. 

Line 4. This error is due to the presence of the cut-off function in (|3.ip . and Lemma 13.51 tells us 
that it is acceptable. 
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Line 5. This error is due to the fact that we replace the interaction with u*{t) by the interaction 
with the constant in snace function v*(t). It follows from Pronosition IB . 61 that \v*(t) — u*{t,r)\ < r 
uniformly in time when r < t and t is small. Hence, 

\\iv*it) - u*{t,r))f{Wx)\\L^(^r<t) < \\rVX{fiW)UL^ ~ ^ 

(We have used the fact that rf'(W) G L^.) In the zone r > t first we use the fact that v* is bounded 
and 

\\f'{Wx)\\mr>t) = < Vx{x/tf/^ ~ 

As for u*, we know from Proposition IB . 2 1 that it is bounded in By Holder ||n* •/^(l^A)||L 2 (j,>i) < 

II^*IIlio ■ II/^(^a)|Ils/ 2 (j.>j), and a routine computation shows that the last term is bounded by 

(A/t)^ ~ t®. 

Line 6. This error is small by Lemma 13.101 □ 

4. Approximate solution in the degenerate case 

4.1. Bounds on the profile {Pq,Pi). This section is very similar to the previous one. Formula 
m is still valid, but recall that in the present case we take v*{t) = qt^ where q = and 

/3 = The function ttg is defined as follows: 

(4-1) u*o{x) := x(-) • p\xf, P = ^ ^ ^ P>^ small. 

(by the finite speed of propagation, the cut-off does not affect the behaviour at zero for small times, 
cf. Remark [3TD . We take = 0. 

In the error estimates which will follow, on the right hand side we will always replace X{t) by 
and b{t) by P, since this is the regime considered later in the bootstrap argument. 

Lemma 4.1. Assume that X{t) t^^" and b{t) ~ P. Then 

(4.2) l|Po(«)ll*. < A/2. 

Proof. Recall that v*{t) ~ ^ so X^/'^v*{t) b"^ t^^. Hence, it is sufficient to show that 

||x(j)A;,||^j -|- ||x(j)-SA||^i ^ t~'^■ The computation in the proof of Lemma lT4] gives 

IIx(^)24aII^i ~ 

and similarly for the second term. □ 

Lemma 4.2. Assume that X{t) ~ and b{t) ~ P. Then 


L^Po - X^/^v*it)LxA^ - b^L^Bxh^ < 


Proof. We will do the computation only for the terms with A. The terms with B are asymptotically 
the same. We need to check that 


(1 - + ||A({1 - x(())/lA)||y < t-A-i 


The computations in the proof of Lemma [3 .5 1 imply that the first term is bounded by j{j) 
^3i//2-i^ and the second by 


t )/2 


1 

A ■ 



r\j 


(t-A)-i/2_t-"/2-i. 


□ 


In the degenerate case the profile Pi{t) is defined by the same formula (|3.3p . 
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Lemma 4.3. Assume that X{t) ~ and h{t) ~ . Then 

(4.3) l|A(t)||L2<i3-/2 

Proof. Notice that ^v*{t) ~ t^~^ ~ t(^-5)/2^ This implies that 

v*{t) ■ ~ _ 53 _ ^3^^ 

so all the terms in the definition of Pi{t) have asymptotically the same size and it suffices to show 
that Wxid^xWh < t (the other terms are similar). The computation in the proof of Lemma [3.61 
gives 

□ 


Estimate (|3.5p and its proof are valid in the degenerate case. 
Lemma 4.4. Assume that X{t) j'NJ t^^" and b{t) j'NJ t'^. Then 


Proof. As in the proof of Lemma 13.91 we write 

dtPo - Pi = -^x'C-){>^^^^v*it)A^ + b^Bx) 




+ x(^)(Ai - b){v*{t){-X^/^Ax-X^/\AA)x) - b\AB)x). 


The computation in the proof of Lemma 13.91 implies 




Multiplying by ^X^Pv*{t) ~ we obtain the required bound on the first term. The second 

term of the first line is similar. 

The second line is bounded exactly as in the proof of Lemma 13.91 □ 

Lemma 4.5. Assume that X{t) ~ t^~^‘' and b{f) ~ P. Then 


Proof. We indicate only the modifications with respect to the proof of Lemma 13.101 The term 
coming from differentiating the cut-off function is estimated as before by 

^^*(t)A3/25. (1)5/2 ^^3./2-l^ 

6^ A 

For the other terms, we get 

□ 
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4.2. Error of the ansatz. This subsection differs from the non-degenerate case, because we work 

here only with regularity and some more effort is required in order to estimate the terms involving 
* 

u . 

Lemma 4.6. If X{t) ~ 6 ~ u > 8 and t is small, then 

WfiMt)) - ifiWxit)) + f{u*) + nWxit))Poit) + f{Wxit))u{t)) 11^, « tl^-l 

Proof. As in the proof of Lemma [3 .13 1 we use Lemma [3 .12 1 with k = I = Po{t) and m = u*{t). 

We obtain that the norm of the term “|/(0I” is bounded by 

which is better than required. For the term “/^(Ol^l” obtain the bound ■ A -|- ~ 

which is again better than required. 

Term “/'(m)|/c|”: Let {uf,dtuf) be the solution of the free wave equation for the initial data 
= {u'^,ul). We write 

ll/'K) • < ll/'K) • + Wfiu* - Uf) • l^A|L.(|.|<ii) + ll/'K) • Wxhm,,l>lt) 

and we examine separately the three terms on the right hand side. It follows from Proposition IB. 71 
that for \x\ < we have the bound \uf{t,x)\ < = t^~, which implies \\f'{ul{t))\\Loo < 

hence 

ll/'K) • ^^A|li2(|,|<i,) < ~ « th-l 

From Proposition IB. 81 we infer 


u — u 


'L llL 20 / 3 (|x|<it) 


7 7 

< t6^-3, 


hence 

which leads to 




9 9 


II/'(n* - <) • 1 ^a|L 2(|,|<1,) < ll/'K - <)|L5(|,,|<1,) • ||VFA|lilO/3(|,,|<l,) < t- 
which is more than sufficient for n > 8. 

For |x| > ^t, we know from Proposition IB . 2 1 that ||/'(w*)||l 5 is bounded for small t. By a change 
of variables we obtain 

+00 , A 


llK|lLio/ 3 (|^|>ii) < (r 3 ) 10 / 3^4 ^^^10 _ 

Term “/'(m)/|”: Using (14.21) we have 

ll/'K) • PoIIl2 < II/'K)IIl 3 • KoKi ^ 

We can now estimate 

Proposition 4.7. Assume that X{t) ~ ^ Then 


7 7 

— 1 /—- 
6 ^ 3 . 


□ 


(4.4) 


Ko(i) + (At - 6)-(A1 T)aKi 


I W2-l| 


< t6^-3 +t" 


h^{t) - (At - fe)KAoAW)A||L 2 < tl'^-l + K 2 - 3 | 




i7ixL2- 
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Proof. The first inequality follows from Lemma 14.41 

For the second inequality, as in the proof of Proposition 13.141 using Lemma 14.61 and rearranging 
the terms, we get: 

= (Xt - b)j{AoAW)x 

- (AVFa + f{Wx)) + {dttu* - Au* - f{u*)) 

ip. 

- v*{t)x/X{-LA + kAW + f{W))x + ^{LB + AqAIT)^ 

A 

+ (-APo - f{Wx)Po) - v*{t)VX{LA)x - j{LB)x 
+ {v*{t)-u*{t))VX{f{W))x 
+ dtPi + 0{tl'^-l). 

Lines 1, 2, 3, 4 and 6 are treated exactly as in the proof of Proposition 13.141 using Lemmas 14.21 and 
14.51 instead of Lemmas 13.51 and 13.101 We estimate line 5 as follows: 

\\{v*-U*)f'iWx)\\L 2 < ll(^* - W*)/'(f^A)|li2(|,|<l,) 

+ \\u* ■ /(^A)|lL2(|a,|>if). 

From Proposition IB.71 it follows in particular that — Ui^*{t,r)\ < r when r < hence the 

proof of Proposition 13.141 gives the bound 

IKr;* - u,*) • /'(LFA)|li2(|,|<it) < 

From Proposition IB.81 and the fact that ||/^(LFa)|Il5/2 = ||/^(bF) 111,5/2 we get 

UK -K) • /'(VFA)|li2(|,|<i,) < 


We have 


and 






< 


\x^ 

A2 


4llL5/2(|,I,|>li) ~ A^t ^ 


Using boundedness of v* in L°°, boundedness of u* in and Holder inequality we obtain the 
required bounds, which terminates the proof. □ 

Lemma 13.111 is still valid in the degenerate case, as well as its proof (we use Lemma |4. II instead 
of Lemma 13.4p . 

5. Evolution of the error term 

The evolution of the error term e is governed by the following system of differential equations: 

£1 - K 

+ (/(y^o + £o) - /(<Po)) - V’l- 

coupled with the equations (|3.6p and f|2.6p for the modulation parameters Mod := (A, h). We denote 
(T_,T+) the maximal interval of existence of u. 


(5.1) 


dt 
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We introduce the energy functional adapted to our ansatz: 

I{t) ■= j + ^|VeoP - {F{‘fQ + eo) - F{h^o) - f{(Po)£o) dx. 

Essentially, we will perform a bootstrap argument in order to control this functional just by 
integrating in time its time derivative. We need a virial correction term which is defined as follows: 


J(t) ■=b J + (Va)A • V^eodx, 

where ax{r) = a{j), {Va)x{r) = Va(^), {Aa)x{r) = Aa(^) and 

1 

—r 

a{r) := < 


2 

—Rr - -R^ + -R^r-^ - -R^r-^ 
8 2 4 8 

{R is a big radius to be chosen later, see Proposition 15. 2 1) . 


r\ < R 
r\ > R 


Lemma 5.1. The function a{r) defined above, viewed as a function on has the following prop¬ 
erties: 

• a G 

• a is strictly convex, 

• l®(^)l ^ ~ ~ when r —>■ +oo (the constant depends on R), 

. -^<A2a(r)<0. 

Proof. It is apparent from the formula defining a that a is regular except for r = R. A computation 
shows that a(r), a'{r), a"{r) and a"'{r) are Lipschitz near r = R. For r > R we have a"{r) = 
i(^)^ “ K'r ^ d, which proves strict convexity. For r > R one can compute A^a(r) = 

(where A = drr + is the laplacian in dimension N = 5). □ 

We define the mixed energy-virial functional: 

R(t) = I(t) + J(t). 

The proof of the following result, which will occupy most of this section, is valid both in the 
non-degenerate and the degenerate case. The non-degenerate case is obtained for v = 3. We denote 
also: 

in the non-degenerate case, 

— I in the degenerate case, 

which is the exponent of t in the error estimates in Proposition 13.141 and Proposition 14. 7l respectivelv. 
We will use the notation: 



|Va,Aeo|li2 := / '^idija)xdieodjeodx. 




Proposition 5.2. Let v = 3 or v > 3. Suppose that A b ~ t'^ and let c > 0. If R is 

chosen large enough, then there exist strictly positive constants Tq and Ci such that for [ri,T2] C 
(0,To] n (r_,T+) there holds 

rT2 / 5 / r \ 

■(l|Va,Aeo|li2 - / {f{g^o + eo)-f{To))eodxj 


H{T2) < H{Ti) + 


(5.2) 


>Ti 


X' 


. If II.- 


i/lx 1,2 


+ CiF 


li/ixL2 


dt. 
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The proof of this result is going to be an algebraic computation which is not justified in the space 
X However, we do not need any uniform control of the regularity or the decay, so we can use 
the following density argument. We can approximate a given e \n x in such a way that the 
initial data {uiTi)^ dtuiTi)) will be in x and of compact support. Then locally the evolution 
will have the same proprieties by Proposition IB. 51 and will be close to the original one in X L?' 
for all t G [Ti, T2] by local well-posedness in x L?'. The new e has sufficient regularity and decay 
to justify all the computations. Since the estimate (|5.2I) depends continuously (in x L?‘) on £, 
we are done. 

We shall split the proof of Proposition 15.21 into several Lemmas. We always work under the 
hypotheses of Proposition 15.21 that is A ~ b ^ t'' and ||£||^1 xl 2 < Notice that 7 + 1 > 

In the non-degenerate case 7-|-l = |>3 = i2 and in the degenerate case 7-I-I = | > v 

because u > 8. This means that IkH^ixLZ ^ b and ||£||^ixi,2 ^ j for small t. In what follows c 
stands for any small strictly positive constant. 

We use the method introduced in |23) . which consists in differentiating the nonlinear term in 
self-similar variables. The resulting error will be corrected by the virial term J. Concretely, we 
have: 


^ J {F'i'fo + eo) - F{(po) - /((/?o)eo) dx 
d r 

= ^ y (-^((VJo)i/A + (eo)i/A) - -?^((<Po)i/a) - /((<Po)l/A)(eo)l/A) dx 

= J + (eo)i/A) - /((9 ^o)i/a) - /'((9^o)i/A)(eo)i/A)'9t((¥^o)i/A) dx 

+ J (/((‘/^o)i/A + (£o)i/a) —/((¥^o)i/a)) ((eot)i/A + ^(^£o)i/a) dx. 

The first term can be neglected, as shown by Lemma 13.111 Scaling back the second term we obtain 
(5.3) ^ J {F{(po +eo) - F{ipo) - f{(po)eo)dx j (/((/?o + eo) -/(<Po)) (eot + yAeo) dx. 

Here and later the sign ~ means that the difference of the two sides has size at most 7 lie 11/,, -|- 

o j II II//I xL2 

CiF ■ ||s:||^ 1 x 2 , 2 . Also, when we say that a term is “negligible”, it always means that its absolute 
value is bounded by F CiF ■ lkl|^ixL 2 . 

Using the equations (15.11) . (15.31) and integrating by parts, we obtain standard cancellations: 


—/(t)~ / eiEpdx- / (Aeo +/(<Po+ eo) -/(<Po))eoz dx 


(5.4) 


y J (/(y^o+ eo) -/(v?o))Aeodx 

- eiV'idx-h J (Aeo +/((^o+ £o) -/(¥^o))V'odx 

J (/(V’o+ eo) -/(v?o))Aeodx. 


At 

T 


Consider now the virial term J{t). 
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Lemma 5.3. 


(5.5) 


d 

dt 


At) < I 


eii/ji dx - ^ II Va,Aeo Ili2 + y 


C|| ||2 

+ ^ll^lli/ixL2 


+ Cit'^ 


Ih1xL2' 


{fAo + ^o) - f{v>o))J^o£o^x 


Notice the cancellation of f ei'ipi dx in (15.41) and (15.51) . This is important because the bound on 
11'01112,2 given by Proposition 13.141 and Proposition 14.71 is only 7l|s^|l22ixL2, which is borderline but 
not sufficient to close the bootstrap. Moreover, Aq — A = Id, so J eliminates the unbounded part 
of the operator A acting on eq. 


Proof of Lemma \5.3[ We compute 

Aj(i) = . (i . i(Aa)A + (Vo)a • V)eoda^ 

- ^ y £1 • • i(A 3 / 2 Aa)A + (A 5 / 2 Va)A • V)eo dx 

+ b J + (Va)A • V)eo dx 

+ b J • y^a)A + (Va)A • V)eot dx. 

Consider the first two lines. From Lemma [5. II and Hardy inequality it follows that 

(5.6) i.l(Aa)A + (Va)A-V 
and 

^ ■ 2(^3/2^o)a — (A5/2Va)A • V 

are uniformly bounded as operators —)• (the bound depends on R). Moreover, it is clear that 

| 6 i| + 1^1 <C Hence, the first two lines are negligible. 

Using again (|5.ip we get 

b J ^14 • • ^(^«)a + (Va)A • V)eodx 

+ b J • ^(^«)a + (Va)A • V)eot dx 

= b [(Aeo + fAo + So) - fiPo)) ■ (y ' ' V)eo dx 

(5.7) f I I 

+ b I • 2 + (^®)a • V)ei dx 

-b J 01 • (^ • yAa)A + (Va)A • V)eo dx 
-b J • yAa)A + (Va)A • V) 0 o dx. 

Proposition l3.14l and Proposition l4.7l implv that || 0 i|| 2,2 < j\\s:\\^iy.j^ 2 +t'^■ Using once again uniform 
boundedness of the operator (15.6p . we obtain that the first term of the last line is negligible. Consider 
now the second term. We will show that 

b J • ^(Aa)A + (Va)A • V) 0 odx + J ei 0 idx| < ^\\s:\\%i l 2 + ■ ||e|| 22 ixL 2 . 
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(5.8) 






It follows from Proposition 13.14l and Proposition 14.71 that in (15.81) 'i/jq can be replaced by —{Xt — 
b)j{AW)x and -01 by (A* — b)j{A()AW)\. Hence, using (13.51) . it suffices to prove that HAqAIP — 
[^Aa + Va • V] AVP||j ;^2 is arbitrarily small when R is large enough. But this is clear, since [^Aa + 
Va • V]AVP(r) = AoAIP(r) for r < R and | [^Aa +Va • V]AIP(r)| < r~^ for all r, with a constant 
independent of R. 

The second line of (|5.7p is 0 by integration by parts and we are left with the first line. The term 
with Aeo is computed via a classical Pohozaev identity: 

(5.9) J Q • ^(Aa)A + (Va)A • V^eoAeodx =-i||Va,Aeo|li2 + ^ y(A^a)Aeod3:. 

By Lemma 15.li the last term is finite and < 0. 

The nonlinear part is calculated in the following lemma. 

Lemma 5.4. 


(x ’ (Va)A • V^eo • + eo) - dx 


< - e 




We will admit for a moment that this is true and recapitulate in order to finish the proof of 
Lemma 15.31 Identity (15.91) implies that the term with Aeq in the first line of (15.71) is smaller than 
~xl|Va^A^o|li2- Lemma 15.41 implies that the difference between the other term of the first line of 
m and ^ f [f{(po + £o) ~ /(7^o))^o^o dx is negligible. The second line of (15.71) is 0, and the 
difference between the last line and f ffi'i/’i dx is negligible, as follows from the computation above. 
This proves (|5.5p . □ 


In order to prove Lemma [5.41 we need two auxiliary facts: 


Lemma 5.5. 

\f{k + /) - f{k) - f{k)i -\f"{k)e\ < 1 /( 01 , 

\F{k + 0 - F{k) - f{k)l - \f{k)k\ < |T(0| + \f'm\ 

Proof. For /| < ^\k\ this follows from the Taylor expansion and for /| > ^\k\ this is obvious by the 
triangle inequality. □ 

Lemma 5.6. There exists a constant C 2 independent of R such that for small t, 

(5.10) |||x| • |V(/>o|||lio /3 < (72, 

(5.11) |||A(Va)A|-|VOo||lLio/3 <6*2. 

Moreover, 

(5.12) ||(x - A(Va)A) • V(^o|Ilio /3 < c 
if R is large enough and p small enough. 

Proof. Recall that (po{t) = ITa(L + -Po(0 + u*{t), and we can estimate the three terms separately. 
The third one gives |||x| • |Va*|||j;^io/3, which is bounded by Proposition IB .2 1 and the fact that u* has 
compact support. It is easy to check that |||x| • |V(iyA)|||^io/3 = |||x| • |VIT|||£^io/3, which gives the 
boundedness of the first term. Finally, we compute 

v(x(f) = v(x(f)xl(0) = )(^x)(f)xl(0 + 0(f)v.4(|), 
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and it is sufficient to use the inequalities |74(x/A)| < A/|x| and |V^(a:/A)| < }?/\x\^. The second 
term of Pq is bounded in the same way. Notice that we obtain in fact that |||x| • |VPo(^)||I lio /3 is 
small when t is small. 

Clearly |A(Va)A| < |a;| uniformly in R, so (15.111) follows from (15.101) . 

The proof of (I5.12P is similar. The terms |||x| • |Vu*|||j;^io /3 and |A(Va)A| • |Vtt*|||j;^io/3 are small 
when p is small. By rescaling we get 

II {x - A(Va)A) • IVITaI 11^10/3 = ||(x - Va) • |VlT|||^io/3. 

By definition Va = x for |x| < ii, so 

||(x - Va) • |V1 T|||^io/ 3 < |||x| • |VlT|||^io/3(|^|>^) ^ 0 when R^+oo. 

Smallness of || | (x —A(Va)A) | • |VPo(^)| |Ilio/ 3 for small t follows from smallness of |||a:| • | VPo(^)| |Ilio/3. 

□ 


Proof of Lemma \5.4\ First, as for the linear terms, using integration by parts we transform the 
integral so that the unbounded operator Ag (and its approximation ^Aa + Va • V) no longer acts 
on Eq: 


(5.13) 


1 


1 


x ■Veof{(po + eo)dx = / -x • V((^o + eo)/(¥^o + eo) dx - / -x ■ V<pof{‘fo + £o) dx 


A 


A 


= -5 


1 


F{(po + eg) dx- -X- Vipofipo + eg) dx 


and analogously 

J (Va)A • V£of{(po + eg) dx = - y i(Aa)AT((^g + eg) - J{Va)x ■ V(/?g/((/?g + eg) dx. 
Using Lemma 15.51 we see that 

J\F{ipo+Eo)- (F((^g)+ /((^g)eg + i/'((^o)eg)|dx < < /(Iklli^ixLz) 

Similarly, from Lemma 15.51 and Lemma 15.61 we get 


|x • Vpofiipo + eg) - X • V(/3g {f (ifo) + f i^Po)£o + x/"(</^o)eg) I dx < /(||e|| ^1x^2) 


Notice that ^/(||£ 


that 


(5.14) 


^ above two inequalities together with (I5.13P imply 


y j X • Veg/(vJg + eg) dx ~ - 5^ j {P{(fo) + f {ipo)eo + -f'{ipo)£o) dx 


A 


X ■ V(^g(/(¥5g) + f'{^o)Eo + -/"(</?o)eg) dx. 


Integrating by parts we find 

J x ■V(pof{(Po)dx = J X ■VF{ifo)dx = -5 J F{(po)dx 


and 


(5.15) 


J X ■Vpof{(po)£o = y x-'^fi^o)eo dx =-5 y f{(po)eo ^x - J x • Veg/((/?g) dx. 
iplifies to 

X ■ Veg(/((^g + eg) - f{(po)) dx ^ J (^-^f'{<fo)£o - ^x ■ Vifof''{‘fo)£o^ dx. 


Thus, (I5.14P simplifies to 
A 
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Using a pointwise estimate and Holder we obtain 

At 


A 


J eo(/(<t?o+ eo) -/(</?o)) dx ~ y J f{ipo)eldx. 


Combining with (I5.15P we have 

y J Aoeo(/(vJo + eo)-/(‘/^o))dx~ J x • V<y 9 o/"(vJo)eo da: 


(5.16) 




J X ■V(pQf"{(po)£l dx, 


where the last almost-eqnality follows from the fact that |Af — b\ 


< 


\mxL'2- 


Analogously, we obtain 

(1 ' {'^a)x • v'jeo{f{ipo + eo) - fi^Po)) dx 


(5.17) 


-~2 ■ '^‘^o/''(7^o)^oda:. 


Comparing (15.161) and (15.171) . we see that in order to finish the proof, we need to check that 


IA1 xL 2 


y I (x - A(Va)A) • Vipof"{ipo)el\ dx < c|| 
when R is sufficiently large. Using Sobolev and Holder inequalities this boils down to 

II (x - A(Va)A) • V(/?o/"(</3o) 11^5/2 < c, 
and this follows from (|5.12l) and boundedness of f''{po) in 

Proof of Provosition \5PA From (15.41) . (15.51) and the fact that Aq — A = Id, we have 

d d d /* 

y7f = y/+yj< J (Aeo +/(v’o+eo) -/(</Jo))V'odx 


□ 


6 ii_ II9 Af 

- ^||Va,A^o|lL2 + y 


{fi^po + eo) - fiPo))£o dx + -||e||^ixi2 + 


Notice that 

||/((/?o + eo) - fipo)\\H-i < lleollHi- 

This follows from the inequality \f{k + 1) — f{k)\ < |/| + |/(0I ^-aid the fact that ipo is bounded in 

H^. If we recall that ^ ^ g^g second line we can replace Xt by b, 

hence to finish the proof we only have to prove that 


J (Aeo + fi<PQ + £q) - f{<Po))'4’o dx < -||e||^ixL2 + CiPM 

Inequalities (|3.10l) and (|4.4p show that it is sufficient to check that 


mxL'2- 


J (Aeo +/(ypQ+ £o) -/(y^o)) ^ (AIU)Adx 


which in turn will follow from (13.51) and 


- 711^11^1x1,2 +^1 *’^11^11^1x1,2, 


cA, 


I (Aeo + /(7’o + eo)-/(7’o))(AIU)Adx < y ||e||^ixL2 + C'lAt'^- 

From pointwise bounds (for example the first inequality in Lemma 15. 5 p one deduces 


\\f{(po + £o) - f{po) - /'(7io)eo|| 


A, 




~ll"ll«‘«lll=l 


H^xL'^^ 
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hence it suffices to show that 

J + f{^o)£o){^W)xdx 

Observe that (A + f'{W\)){AW)\ = 0, so we are left with proving that 


eo • (A + (A1 ^)a dx| < ^ IkH^ixL^ + CiXtA 



ifiPo) - nWx)){AW)xdx < +CiAtT 

By Holder inequality it suffices to show that 

(5.18) 

Wif'iPo) - f'iWx))iAW)x\\^,o/r <Y- 

The inequality \f'{k + 1) 
(15.181) to checkins' that 

- f'ik)\ < \f{l)\ + \ f'{k)\ ■ \l\ for k = Wx and 1 = u*{t) + Po{t) reduces 

(5.19) 

||/'(n*)(AW)A||il0/7<y, 

(5.20) 

\\f'iP,){AW)xhio/r<^, 

(5.21) 

\\u*-f{{AW)x)hio/r<^, 

(5.22) 

||Po-/'((A^)A)|lz.io/7<y. 


Again using Holder we get ||Po ' /'((AW^)a)|Ilio/7 < \\Po\\L^o/3\\f{iAW)x)\\^5/2 < ||Ho|Ihi- From 
Lemma [3.41 (or the degenerate version Lemma [4.ip we have ||Fb||^i < j. This proves (|5.22p 

and (|5.20l) is very similar. 

From Proposition IB. 2 1 we know that ||tt*||^io is bounded. Hence ||u* •/'((ALF);\)||^io /7 < ||rt*||£io • 
||/'((AVF)a)||£ 5/3 < A. This proves (|5.2ip and (|5.19l) is similar. □ 


6 . Construction of a uniformly controlled sequence and conclusion 

In this section we will analyse finite dimensional phenomena of our dynamical system - modu¬ 
lation equations and eigendirections of the linearized operator L. We will also define precisely the 
bootstrap assumptions and finish the proof of the main theorems. 

It is known that the operator L = —A — f'{W) has a unique simple strictly negative eigenvalue 
—Cq (by convention eo > 0), with a unique positive eigenfunction y such that ||T||l 2 = 1. This 
function y is radial, smooth and decays exponentially. This follows from classical results of spectral 
theory and theory of elliptic equations, see | 8 l Proposition 5.5], where it is also shown that there 
exists a constant ci > 0 such that 

(6.1) {g,y) = {Vg,VAW)=0 => {g,Lg) > ci\\Vg\\l,. 

We need here a slight modification of this coercivity lemma. 

Lemma 6.1. For any c > 0 there exist cl,C > 0 such that 

(6.2) {g,Lg)>CL\\Vgf-C{g,yf-c{g,Zf. 

Proof. We first show that 

(6.3) g G iLrad> {a^y) = = 0 ^ {g,Lg) > C 2 \\Vg\\] 2 . 

To prove fl6.3p . decompose g = aAW -|- /i, (/i, AAVF) = 0. Notice that {AW., y) = 0, thus {h, T) = 0 
and (16.ip implies 

{g,Lg) = {h + aAW,Lh) = {h,Lh) > ci\\Vh\\l 2 . 
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Let KW be the orthogonal projection of AAVL on in iL We have 

\\^Hh = II V<7 - aVKWWl^ = \\Vg\\l 2 - 2a{Vg, VAW) + a^H VAWHi^ 

= \\Vg\\l, +2a{g,AW) + a‘^\\VAW\\l,. 

The functions AAW and Z are not perpendicular in H~^, so ||ALL||j:j_i < ||VALL||x, 2 , and fl6.3p 
follows from Cauchy-Schwarz inequality. 

In order to prove fl6.2p . we decompose 

(6.4) g = ay + bAW + g, {g,y) = (g, Z) = 0. 

Projecting (16.41) on y and Z we have 

16 T 

}y<{g,Zf+a\Z,y)^<{g,Zf + {g,yf. 

From (16.3p we obtain 

(5,L7)>C2||V5||i2, 

thus 

{g, Lg) = {ay + hAW + g, -e^ay + Lg) = + {g, Lg) > C 2 1| - ela^. 

From the inequality (x — we have 

liVylli. > i||Vy - bVAWWl, - a^llVTH^^. 

From the inequality (x — y)^ > ~ have 

||Vy - bVAWWl, > Y^I|Vy||i2 - cb^VAW\\l,. 

If we choose c small enough and put everything together using (16.51) . we obtain (16.21) . □ 

From now on we will denote 

a{g) ■= {9,y), 0 !x{g) ■= ( 5 , ^^a)- 

We prove a version of the coercivity lemma with a localized gradient term. 

Lemma 6.2. Let c > 0. If R is large enough, then there exists a constant C such that 

f iVypdx-/ /'(W)y2dx>-c||Vy||i.-Clalyjp. 

J\x\<R 

In the proof we assume that g is radial, which is justified because later we use it for g = £q. 
Notice however that the non-radial case follows by considering the radial rearrangement. 

Proof. Define the projection T/j : —)■ by the formula: 


4'i?y(r) 


y(r) - g{R) 

0 


if r < i?, 
if r > i?. 


By (j6.2p applied to T/jy we have 

(1 + ^) / |Vy|2 dx = (1 + ^) / I V(T^y)|2 dx 

2 J\x\<R 2 Jr5 

>(1 + |) I f{W)\'^Rg\^dx-C{yRg,yf-^{yRg,Z)y 
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Recall that, by the Strauss Lemma 


in dimension = 5 for a radial function g we have 


|g'(i?)| < CqR 2 ||V( 7||^2 with a universal constant Cq, so we have a pointwise estimate 


\g?‘ < Co[l + -)R ^||V5|||2 + (i + 


Now we notice that 




f{W)dx ~ R, 


so for any 5 > 0 the first term above gives a small contribution to the quadratic form for R large. 
Similarly, 

\{g-d'Rg,y)\<R-l\\Vgh.+ [ b|3^dx< (R-i + ||3^||^io/T(|,|>«))||V<7||L2, 

which is small when R is large. As {dfug, y)'^ < 2{g, y)'^ + 2{g — d/Rg, 3^)^, the proof is finished. □ 

We are ready to state coercivity properties of the functional H from the previous section. 

Proposition 6.3. Under the assumptions of Proposition there exist Tq,ch, 0 (o,C 2 > 0 such 
that for t € (0, Tq] PI (T-, T+) there holds 

|aA(eo)| < aolkolli^i ^ H{t) > 

If [Ti,T 2 ] C (0,To] n (r-,T+) and |aA(eo)l < for all t G [ri,r 2 ], then 


( 6 . 6 ) 


H{T2)<H{T,) + ^I^ 


t 


IRixL^ 


dt + C2t‘^^^^. 


The constants ^ and ^ have no special signification, but this formulation will be convenient 


later. 

Proof. Let 


eo 


hit) ■■= f + ^iVeoP - IfiWhel dx. 


Recall that {£q,Z) = 0. Lemma l6. 1 1 implies (after rescaling) that if we take oq small enough, then 
there exists a constant c > 0 such that I, (t) > c||e|Rv, 

We can assume that ||ir* ||xix//i is as small as we like, so by pointwise estimates we get |/(t) — 
h{t)\ < ^c||£o||^i^£^ 2 - Moreover, it is clear from the definition of J that for small t we have 
I J(t)| < This proves the result with cr = ^c. 

In order to prove (16.61) . notice first that, by pointwise estimates and smallness of ||(^o ~ 11^/1) 

in (|5.2I) we can replace f (f(<fo + £o) ~ f(po))s:o dx by f f'{W\)£Qdx. Convexity of a (see Lemma 
15.11) implies that 


|Va,Ae|li2 > [ iVeol^dx, 
J\x\<RX 


\x\<l 

SO from (|5.2I) and Lemma 16.21 (after rescaling) we obtain 

rT2 


HiT2) < H{T^) + ^ ' |^lkll^ixL2 + Cih • llell^ixL^ + C\a{eo)\^ dt 




where C 2 is a constant. 


IR1xL2 
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dt + C2t^"<+^, 


□ 


In order to close the bootstrap, it is necessary to control the stable and nnstable directions. More 
precisely, it is necessary to eliminate the nnstable mode. 

Define 


“a (^) 


:= / 3^Aei 


—Ja^o dx 


and 


a. 


/ 


:= / y\ei + ^y\eQ(lx. 


Notice that — ^ is the nniqne strictly negative eigenvalne of La- 

We will define an anxiliary function l{t) which measnres the distance of the modnlation parameters 
from the approximate trajectory fl2.7p or (12.8p . This fnnction has a slightly different form in the 
non-degenerate and degenerate cases. In the non-degenerate case we define 


m = i 

and in the degenerate case 


fb 2X 

1/6 

3A 


VfS ^ t^ 

24 / “^2^3 


144 / 


Kt) = ^(^ + + ^ + ^)f + - {^ + 1 )^ ^))^ 

where V := —^ + {v + 1)^. 

We will write a~^{t) and a~{t) instead of and In the next few propositions we 

describe the evolntion of Mod(t) := {X{t),b{t),a~ in the “modnlation cylinder” defined 

as: 


^(t) := {(A, 6, a ,a'^) : l{t) ^ and < 

In the non-degenerate case we denote 


a , a 


< fT'+i}. 




k^u*{ 0 , 0 Y o 
^pp(t) :=- 


144 “ ’ ■ 36 

and in the degenerate case 

Aapp(i) := hpp{t) := {v -h l)t 

Solving a 2 X 2 linear system we check easily that 


(6.7) 


l{t) < t^+^- 


A 


A 


_ l| < ti(7+i-D ^ 1^ _ i| < i^(7+i-D^ 


app 


-^app 


with constants which depend only on v. 
We have q;a(£o) = ~ ®~)) so 


( 6 . 8 ) 


Mod(t) € ^(t) 


|aA(eo)| < 

eo 


Remark 6.4. The formnla for I is fonnd by linearizing the parameter eqnations near (Aapp,()app) 
and diagonalizing the resnlting system. 

We can finally state a result on uniform in time energy bounds. 

Proposition 6.5. Let C 4 > 0 be a fixed constant. There exist Cq > 0 and Tq > 0 having the 
following property. Let 0 < Ti < Tq. Suppose that 

(6.9) ||£(ri)||^i,^, <C4r7+\ 

Mod(Ti) e Int(‘^(Ti)). 
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Then, either there exists a time t, Ti < t < Tq, such that Mod(i) G d^{t), or the solution exists on 
[TijTo] and for all t G [Ti,To] there holds 

(6.10) Ikll^ixL^ 


Proof. Let Tq be the time provided by Proposition 16.31 Let T+ be the maximal time of existence 
of the solution and let T 2 '■= min(To,r+). Snppose that Mod(t) ^ d’ifft) for Ti < t < T 2 . By 
continnity of Mod(t) this means that Mod(t) G Int('^(t)) for Ti < t <T 2 . We will show first that if 
Co is large enongh, then (IG.lOp holds for t G [Ti,T 2 ]. Argne by contradiction, assnming that there 
exists T 3 < T 2 snch that ||e(r 3 )||^i ^^2 = CoT^’^V At t = Ts (| 6 ^ gives |aA(eo)| < In 

particular, if Cq is large, we will have |aA(eo)| ^ CKolko||j/i) so by Proposition 16.31 we obtain 


( 6 . 11 ) 


Hin) > chCItI^^\ 


On the other hand, for t G [TijTs] we have 
(j6.6l) we deduce that 

H{T^) < H{Ti) + 




< and |aA(£o)| < from 


chCI 


10(27 + 2 ) 


7 ^ 27+2 ( 72 T|'^+ 2 . 


Notice that H{Ti) < ||£^( 7 i )||^^^^2 — < ClTg"’”'*'^. Returning to (|6.11l) we deduce 


chCq < C| + 


chCI 
10(27 + 2 ) 


+ C 2 , 


which is impossible if Cq is large enough. 

Hence, T 3 = T 2 . To prove that T 2 = Tq, notice that by the Cauchy theory in the critical space 
there exists <5 > 0 such that 


II (uq VP, Ml) 11^1 ^^2 < (5 ^ 


the solution u{t) with ri( 0 ) = (mo,mi) 
exists at least for t G ( — 1,1). 


After rescaling we obtain 


( 6 . 12 ) 


||(mo - VPa,mi)||^i^^2 < -5 ^ 


the solution u{t) with u{ 0 ) = {uq,ui) 
exists at least for t G (—A, A). 


If ||ri*||^ixL 2 I® sufficiently small and Tq is chosen sufficiently small, (13.21) and (13.4p show that our 
solution verifies the sufficient condition in (|6.12l) for any t < T 2 with A = \{t). Taking t close to T 2 
we obtain that the solution cannot blow up at T 2 , hence T2 = Tq. □ 


The crucial element of the preceding result is that the constant Cq is independent of Ti. From 
now, Cq has a fixed value given by Proposition 16.51 and the constants which appear later are allowed 
to depend on Cq. In particular, when we use the notation < or O, the constant may depend on Cq. 
We examine now the evolution of the eigenvectors a~ and a"*“. 


Lemma 6 . 6 . If 

A ~ and b ~ 

(6.13) 

1 d + Cq ^ 

'dt ^ A ^ 

(6.14) 

1 d _ eo _ 
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C, then 

I < 

I ('N_/ 7 

I < c. 










Proof. We will do the computation for (16.131) . because the one for (16.141) is exactly the same. 


+ J —^((Ao3^)Aei + y(A_i3^)Aeo) dx 
+ y 3A • {fipo + £o) - f{po) - f'{po)£o) dx 
+ I yx- {fiPo) - fm))^odx 
+ J{y^' (“V’l) + y3A • {-fjo)) dx. 


The first line is ^oif and it suffices to estimate the remaining ones. For the last line we use 
Proposition 13.141 and L^-orthogonality of AVF and y. Using A* ~ A ~ and ||e||^i ^^2 < 
the second line is seen to be bounded by Cf^. The proof of (15.181) shows that ||Ta • {f'{po) ~ 
/^(^a)) IIlio /7 < f, so using ||eo 11 ^ 10/3 < we obtain the required bound for the fourth line. 
Finally, \\fi^po + eo) - fipo) - /'(v?o)eo|lij-i < and 113411^/1 ^ y ~ so by Cauchy- 

Schwarz the third line is bounded by <C t'*'. □ 


We know from Proposition 16.51 that if we start at t = Ti with e small enough, then e is controlled 
in X unless Mod leaves the cylinder It turns out that it can happen only because of a~^. 
The other parameters are trapped in the cylinder for small times: 

Lemma 6.7. Under the assumptions of Provositon [67S[. suppose that Mod(t) leaves Int(‘^(t)) before 
t = Tq. If T 2 < To is the first time for which Mod(T 2 ) G d'W{T 2 ), then |a+(T 2 )| = ■ In 

addition, suppose that at time T^, Ti < T 3 < T 2 , we have a"*“(T 3 ) > Then a~^{T 2 ) = T^"*"^. 

Analogously, if a'^{T 3 ) < —then a~^{T 2 ) = —T^"*"^. 

Proof. Suppose, for the sake of contradiction, that for example /(T 2 ) = In particular this 

implies ^l{ti) > 0, and we will show that it is impossible. 

We start with the degenerate case. Using (16.71) and y/x = + 0{\1 — xp) we obtain 

Va = 

Recall that bt = {v + l)i7t so we get 

(6.15) ^ = ^A:(i + ^) +0(^+1-). 

From Lemma 13.71 and (16.101) we have 

— = - + o{u+^-^). 


(6.16) 
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Using (16.151) and (16.161) we can compute 

A , . ^ M ~ Xt 


-Kt) - (^ + ^-[UTT “ + 1 )) (^ + - fu+i 


dt 


b -/ . \ A ^ 

- - i^iiy + l)j^) 


fU+l 

+ (4 - (^ + 1)^ - (^ - ^)) (^ - (^ + 1)7^ - -(.^+^){^ + ^) t ^) 


't^+i t'^+i 


= 7 ( 71 ; + ^77+T - + 1 )) + F^) - v{v + 1 )^^) 




t H'^ 
b 


tu+l 


A 


+ (^ “ (^ + ^)^T+7 “ “ ^)) ( 2^(1 + p^) - (z^ + 1 )f - z^F - (i^ + l)(z^ + l)p^) 

If we use the definition of u, this simplifies to 

Az(t) = _ (i. _ 7;)(1 + i7^ _ (j, + F + i ))2 _ ^ 1 )^ _ (j, _ 

+ lo(v^t7+i-) = i ( - (z. - i7)/(t) + 0(ti(^+i--))). 


t 


At time t = T 2 by assumption /(r 2 ) = so for T 2 small enough the formula above implies 

^ 1 {T 2 ) < 0 , which is impossible. 

In the non-degenerate case the computation is similar, but we must take into account that in this 


case 


which leads to 


bt = Ku*{t, 0)\/A = KM*(0, 0)\/A(1 + 0{t)), 

bt = Kn*(0,0) • ^ _^At-2) + 0(t3). 

Then, the computation is the same as before: 

, b 2A 

k2u*(0,0)%, 

T3 ' 

6 A 

F ^3 ^4 

6 A 36 36 12. 

'¥~¥~¥^T^ 


, 2A K^u*{0,0f^^bt , 2At 36 8A^ 

“ vTs 7T n ^ ^4 ~ 


dt 


24 

6 2A K2y*(o,0)2 6t 2At 36 8A. 

+ ( — + -1 t:: jfTs + “74 77 “ TTl 


T3 t4 


24 


^1.6 2A (0,0)2 (0,0)2 g;^ 26 36 8A. 

24 24 

,1^6 3A K2n*(0,0)2^^K2n*(0,0)2 , 6A 36 36 , 12A^ , 

+ 71^-77 T77-) (.-^7-+ 7T - 73 “ 73 + —) + <^(v HU) 


144 


24 


<l(_ 2 ((i)+ 07 ''*)). 


Since 7 + I — zv=|<|, we are done. 

Now suppose that |a“(T 2 )| = As 7“ ~ S> (I6.14p implies that ^a)) and a)) have 

opposite signs, which is impossible. 

Again by contradiction, suppose that ai['(^ 3 ) > ^^ 3 ^"*"^ ^zid Q;i['(^ 2 ) = By continuity, 

there exists the smallest T 4 > such that ai['(^ 4 ) = ■ Necessarily ^ which 

is in contradiction with (|6.13l) . □ 

Proposition 6.8. There exist strictly positive constants Cq and Tq such that for all Ti G (0, Tg) 
there exists a solution u defined on [Ti,To] which for all t G [TijTq] verifies 

(6.17) ||(n - ITa - u*,dtu + Xt{AW)x - dtu*)\\pj ,^^2 < Cot'^+\ 
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( 6 . 18 ) 


A 


- l| < 


Aapp 

Proof. We consider the degenerate case. The proof in the non-degenerate case is similar. 

Let A = Aapp(Ti), b = 6 app(ri). For a G [-|r7+\ |r7+i], let Sa{n) = i;{y+ - ^{Zx,0)), 
and consider the corresponding evolution. Of course (|6.9p is verified for a universal constant C 4 . 
Let Co be the constant provided by Proposition 16.51 We will show that there exists a parameter 
a for which the solution exists until t = Tq and satisfies (|6.10l) . Suppose this is not the case. Let 
= {a ; a^{T 2 ) = ~ • “"*"(^ 2 ) = where T 2 is the exit time given by 

Lemma [ 6 Tl By the second part of Lemma |6]7] we know that — |T7'’’^ G A~ , G , and 

that A~ and A'^ are open sets. Indeed, let a G A'^. This means in particular that for Ti < t < T 2 
we have a~^{t) > —and a'^(T 2 ) = continuity of the flow, for close enough initial 

data we will still have a+(t) > —for Ti < t < T 2 and a^(T 2 ) > By Lemma 16.71 the 

corresponding solutions escape from the cylinder by positive values of a"*". Thus A'^ U would be 
a partition of [—|T 7 ^^, into two disjoint open sets, which is impossible. 

Using (I6.10p . (|4.2I) . (14.31) and (13.51) we obtain (|6T7I) . 

Estimate (I6.18P follows from (16.7p and the fact that Mod(t) G ^(t). □ 

Proof of Theorem [II Let be a decreasing sequence such that > 0 and tn 0. Let Un be the 
solution given by Proposition 16.81 for Ti = tn and let A„ : [tn,To] (0,-|-oo) be the corresponding 
modulation parameter. The sequence lin(Io) is bounded in x L^. After extracting a subse¬ 
quence, it converges weakly to some function {uo,ui). Let u(t) be the solution of (INLWI) for the 
Cauchy data u{Tq) = We will show that u satisfies (II.ip . 

Let 0 < Ti < To and Ti < t < Tq. Using (I6.17p . (16.181) and |At| < we get 

\\{Un - VTa^pp -U*,dtUn-dtU*)\\^r^^2 < CotT 

This shows that if Tq is sufficiently small, then the sequence Un satisfies the conditions of Proposition 
lA.ll on the time interval [Ti, Tq] , hence 

Un{Ti)^u{Ti). 

Weak lower semi-continuity of the norm implies that at time t = Ti we have 

ll(« - W^A.pp - u*,dtu - dtU*)\\Hl^L2 < C'oTj'/^ 

This bound holds for all Ti such that 0 < Ti < Tq. In particular, the orthogonality condition: 
(6.19) {u-Wx-u*,Zx) = 0. 

defines uniquely a continuous function A(Ti) : (0,To) —>■ (0,-|-oo). We will prove that An(Ti) —)• 
A(Ti). 

Using (13.71) for the solution Un at time Ti and passing to a limit re —>■ 00 we obtain that all the 
accumulation points of Xn(Ti) verify the orthogonality condition (I6.19p . Hence An(Ti) —)• A(Ti). 
Passing to a limit in (|3.8p we get ^A,i(Ti) —)• ^A(Ti). Passing to a limit in (|6.17l) and (|6.18p 
finishes the proof. □ 

The proof of Theorem |2] follows the same lines, so we will skip it. 

Appendix A. Weak continuity of the flow near a fixed path 

Proposition A.l. Let v : [0,1] —)• x L'^ be a continuous path in the energy space. There exists 

a constant <5 > 0 with the following property. Let Un be a sequence of radial solutions of (INLWI) 
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defined on the interval [0,1], such that 

(A.l) sup \\un - < 6 . 

46 [0,1] 

Suppose that ii„(0)^(no, iti) in x and let u be the solution of (INLWI) for the initial data 
ii(0) = (tto,ui). Then u is defined on [0,1] and for all t G [0,1] we have 

(A.2) Un{t)^u{t) in x L^. 

Remark A.2. Notice that without the assumption (lA.ll) the result is false. More generally, exis¬ 
tence of type II blow-up solutions in some space excludes weak continuity of the flow in this space, 
and existence of type II blowup solutions in our case follows from Theorems [1] and |2] One might 
search weaker conditions than (lA.ll) : we have chosen a simple condition which is sufficient for our 
needs. 

Proof. 

Step 1. Suppose that u is not defined on [0,1] and let T+ < 1 be its final time of existence. In Step 
2. we will prove (IA.2|) for all t < T^. In particular, by the lower weak semi-continuity of the norm, 
this shows that 

sup \\un - < S. 

46[0,T+) 

By local well-posedness in the energy space and compactness of {v{t) : t G [0,1]}, if 5 > 0 is small 
enough, there exists r > 0 such that the solution corresponding to the initial data Un{t) is defined 
at least on the interval (—r, r). This means that u cannot blow up at r+, and so it is defined for 
t G [0,1]. 

If 5 is chosen small enough, depending on u(l), then by the Cauchy theory the solutions Un exist 
on an interval (1 —t',1 +1') for some t' > 0. By eventually choosing t' smaller, we can assume that 
u also exists on (1 —t', 1 +t'). Hence, by repeating the same procedure we obtain weak convergence 
also for t = 1 . 

Step 2. Let t < T+. In order to prove ()A.2p . it is sufficient to show that any subsequence of Un 
(which we will still denote Un) admits a subsequence such that the required convergence takes place. 
By the result of Bahouri-Gerard a subsequence of Un{0) admits a profile decomposition such that 
the first profile is Ul{t) = S{t){uo,ui) (corresponding to parameters ti^n = 0, = 1). By the 

triangle inequality \\un — {uo,ui)\\pji^j ^2 < 2(5, so all the other profiles are small, in particular they 
are global and scatter. By definition of T+ the assumptions of Proposition 2.8 in (which is a 
version of |2l Main Theorem] for the focusing equation) are satisfied for 9n = t, in particular formula 
(2.22) from |6] yields: 

J 

Unit) = u{t) + Uiit) + w:^it) + riit). 
i=2 

Here, Wnit) = 5(t)m;((0)^0 as re —>■ -|-oo (indeed, m;((0)^0 for J > 1 by definition of the profiles, 
and Sit) is a bounded linear operator). By Lemma lA.31 below also Unit)^0 when j > 1, which 
finishes the proof. 

□ 

Lemma A.3. Let U be a solution of equation (INLWI) such that ||t^||^ixL2 is small. Let tn,^n be 
a sequence of parameters such that one of the following holds: 

(1) tn = 0 and Xn —)• 0, 

(2) tn = 0 and Xn -|-oo, 

(3) tn/Xn —)■ +00, 

(4) tn/Xn —)■ —OO. 
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Fix i G M and define 


UJx) = 


t — tn X 

An Ar 




t tn 


a: 


))• 


Then Un^O in x L^. 


Proof. Again it is sufficient to show this for a subsequence of any subsequence. Thus we can assume 
that —)• to £ [—OO) +oo]. 

Suppose first that tg is a finite number. Extracting again a subsequence we can assume that 
A„ —>• Ao G [0,+oo]. If Ao was a strictly positive finite number, we would obtain that also tn has 
a finite limit, which is impossible. Thus An —t 0 or An —t +oo, and in both cases we get our 
conclusion. 

In the case Tn ■= ^ ±oo we have dispersion, so ||LIn — (,S{Tn)V)\.^ ||^1x^2 —t 0, and it is well 

known that (5'(Tn) when Tn —>■ ±oo and An is any sequence (in the case of space dimension 

N = 5 this follows for example from the strong Huyghens principle). □ 


Appendix B. Local theory in higher regularity 

In this section we use the energy method to prove two results about preservation of regularity. 

B.l. Energy estimates in x Recall that we denote := n H^. We have classical 
energy estimates for the linear wave equation: 

Lemma B.l. Let s G N. Let I = [0,To] he a time interval, g G C{I,H^) and {uo,ui) G X^ X H^. 
Then the Cauchy problem 

j dttu - Au = g, 

\^{u{0),dtu{0)) = (uo,ni) 

has a unique solution {u,dtu) G C{I,X^ X H^) and for all t ^ L there holds 


(B.l) 


\\iu,dtu)\\ 


X^xH^ 


< IK^tO) Wi)||x»xR“ + / 
Jo 


(r)||H- dr. 


For a proof of a more general result one can consult for example [H Theorem 4.4]. Using finite 
speed of propagation and Sobolev Extension Theorem on each time slice we get a localised version 
of the energy estimate: 

(B.2) \\{u,dtu)\\xsxH‘{B{0,p)) ^ \\{uo,Ui)\\xsxH'^{B{0,p+t)) + / \\a{'r)\\H‘{B{ 0 ,p+T)dT 

Jo 

Now we use the case s = 1 to prove energy estimates in X^ x for (INLWI) . 

Proposition B.2. For all Mq > 0 there exists Tq = Tq{Mq) > 0 such that the following is true. 
Let {uo,ui) G X^ X with ||(rio,rti)||xix//i < Mq. Then the Cauchy problem: 

\duu - Au = f{u), 

\{u{0),dtu{0)) = (uo,Mi) 

has a unique solution {u,dtu) G C'([0,To], x H^) and this solution verifies 


sup \\{u{t),dtu{t))\\xixH^ < 211 (^ 0 , «i)||a1xL/i- 

te[o,To] 

Moreover, let Ul denote the solution of the free wave equation for the same initial data {uo,ui). 
Then 

(B.3) sup \\{u{t),dtu{t)) - {u^{t),dtu^L{f))\\x^xH^ ^ f{\\{uo,Ul)\\x^xH^)■ 

te[o,To] 
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This will follow easily from the following lemma. 


Lemma B.3. Let u,v ^ X^. Then 

(B.4) \\f{u)\\m<Cf{\\u\\xi), 

(B.5) ||/(u) - fiv)\\Hi < C\\u - v\\xi ■ {f'{\\u\\x^) + f'{\\v\\x^))- 

y/Q 

Proof. We have ||/(^i)||L 2 = ||^^||^i 4/3 ^ /(ll'^^llxO from the Sobolev imbedding. By Holder inequal¬ 
ity, 

l|V/(n)||^4 = ||Vn • r{u)h. < \\Vu\\lio/s • ||/'(u)||l 5 < llrrbi • \\u\\%%, < fi\\u\\x^), 

again by Sobolev imbedding. This proves (IB.41) . 

To prove (jB.Sp . we write |/(u) — /(f)| < |f — f|(/'(u) -|- //f)), hence 

\\f{u) - fiv)\\L 2 < \\u - f 11^14/3 • II/'(f) + /'(f)||l,7/2 < \\u - f||il4/3 ' + ll^lll(4/3) 

< Ilf - f iixi • (/'(||f|Ui) + /'(IblUO)- 

Finally, 

|v/(f) - v/(f)| < |Vf - Vf|(/'(f) + /'(f)) + If - f |(|Vf| + |Vf|)(|/"(f)| + |/"(f)|), 

and it suffices to notice that 

IllVf - Vf |(/'(f) + /'(f))||i2 < ||Vf - Vf 11^10/3 • II/'(f) + /'(f)||L5 

< ||f - f iixi • (/'(||f lUO + /'(IblUO) 

and 

|||f-f|(|Vf| + |Vf|)(|/"(f)| + |/"(f)|)||^2 

< ||f - f Ili^lO • (||Vf 11^10/3 + ||Vf 11^10/3) • (||/"(f)||LlO + ||/"(f)||l,lo) 

< ||f - f||xi • (/'(||f||xi) + fi\\v\\x^))- 

□ 

Proof of Proposition \B.S[ Let B denote the ball of centre 0 and radius 2|| (fo, f i) ||xi x_ffi in the space 
X P[^. Given {u,dtu) G C{[0,T], B), let u = ‘h(f) denote the solution of the Cauchy problem 

\dttu- Af = /(f), 

|(f(0),9tf(0)) = (fo,fi) 

It follows from Lemma ()B.4I) and (jB.ll) that if T < then {u,dtu) G C{[0,T], B). It follows 

from (IB.5P and (IB.ip that if T < then is a contraction, so it has a unique fixed point, 

which is the desired solution. 

The function f := f — Ul solves the Cauchy problem 

(dttv - Af = /(f), 
j(f(0),atf(0)) = 0, 

so (IB.3P follows from (IB.ip . □ 
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B.2. Persistence of x regularity. We recall the classical Strichartz inequality: 

Lemma B.4. |10) Let I = [0,Tq] he a time interval, g £ C{I,L?‘) and {uo,ui) G x Let u 
be the solution of the Cauchy problem 

j dttu - Au = g, 
y{u{0),dtu{0)) = {uo,ui). 

Then 

II“IIl7/3(/;L14/3) < \\{U0,Ul)\\pji^^2 + ||5llLl(_r;L2), 

with a constant independent of I. 

From the local theory of (INLWI) in the critical space we know that if it G C{{T-,T^)] x 
is a solution of (jNLWI) and I = [ri,r 2 ] C (T_,T+), then 

(B.6) ll'w||L7/3(/;il4/3) < +00. 

Proposition B.5. Suppose that 0 G / = [ri,T 2 ] C (r_,r+) and that (ito,iti) G x . Then 
u G C{L,X^ X H^). 

Proof. The proof is classical, see for example |H Chapter 5] for more general results in the case of 
NLS. 

We consider positive times. The proof for negative times is the same. Let T* be the maximal 
time of existence of u in X^ x H^. Suppose that T* < r+. From Proposition IB.21 it follows that 

(B.7) lim ||it||j(^ix/ti = + 00 . 

t — 

Consider the time interval I = [T* — r, T*]. Derivating (INLWI) once and using Lemma lB.41 we get 
(B.8) ||Vn||^r/3(,,ii4/3) < C'||(n(r, - r),+ C||V(/(n))||ii(,.,. 2 ), 

with C independent of r. From Holder inequality we have 

II^(/(“))IIl1(/;L2) < I|V^IIl 7/3(7;L14/3) • /(||«|ll,7/3(J.il4/3)). 

By (jB.6p . the last term is arbitrarily small when r —>• 0^, so for r small enough the second term on 
the right hand side of ()B.8D can be absorbed by the left hand side, which implies ||Vn||^7/3(7.^i4/3) < 
+00 and ||V(/(n))|| 7 ^i( 7 .j;^ 2 ) < +oo. This is in contradiction with (IB.71) . because of the energy 
estimate (IB.11) . □ 


B.3. Propagation of regularity around a non-degenerate point. 

Proposition B. 6. Let (ito,iti) G X‘^ X H'^ such that lio(O) > 0. Let {u,dtu) G C'([0,To];X^ x H^) 
be the solution of the Cauchy problem: 

I dttu - Aii = /(it), 

\{u{0),dtu{0)) = (no. Ill), 

constructed in Proposition \B . lil There exists T,p > 0 such that {u,dtu) satisfies: 

{x{-)u,x{-)dtu) G C'([0,r]; x 

p p 

(where y is a standard regular cut-off function). 
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Proof. Denote Vq := Uo(0) > 0 and introduce an auxiliary function / £ C°°, f[u) = f{u) when 
u > r’o/2, f{u) = 0 when u < 0. Using Faa di Bruno formula one can prove an analog of Lemma 

EH 

||/(^^)||_h-4 < C{\\u\\xi), 

\\f{u) - f{v)\\H4 < \\u - v\\xi ■ C{\\u\\x4 + \\v\\xi), 

where C : M+ —)• M+ is a continuous function. The same procedure as in the proof of Proposition 
IB. 2 1 leads to the conlusion that there exists r > 0 such that the Cauchy problem: 

j dttu - Au = f{u), 
j({t(0),9fu(0)) = iuo,ui) 

has a solution (u, dtu) G ^([0, t],X^ x H^). By continuity and Schauder estimates, if we take r and 
p sufficiently small, we have u{t, x) > for \x\ < Ap and 0 < t < r. We may assume that r < 2p. 
Consider v = u — u. We will prove that r; = 0 when 0 < t < r and |x| < 2p, which will finish the 
proof. The function v solves the Cauchy problem: 

f dttv - Av = f{u) - f{u), 
j(?;(0),5t?;(0)) = 0. 

We run the localized energy estimate (IB.21) for \x\ < 2p + \t — t\. We suppose that r < 2/?, so 
l^l < 4/9, which means that \\f{u) — /(S)||hi = ll/(^) “ /(^)IIhi ^ 11^ “ ^llxi (the norm is taken 
in the ball B{0,2p + |t — t|). From (IB.2D and Gronwall inequality we deduce that u = u when 
|xl < 2/9 + |t — r|, in particular when \x\ < 2p. □ 

B.4. Short-time asymptotics in the case {uo,ui) = (p|x|^,0). Let {u,dtu) denote the solution 
of (jNLWp corresponding to the intial data 

iuQ,ui) = {x{-)p\xf,0), 

where p,p> 0 and /3 > | are constants and X is a standard cut-off function. Let denote 

the solution of the free wave equation corresponding to the same initial data. 


Proposition B.7. Let q = — — ^ — -p. There exist Tq > 0 and a constant C > 0 such that for 
0 < t <Tq and |a:| < there holds 


\ui^{t,x) — qt^\ < Ct^ ^\xf. 

Proof. Define 

r 2 1 

w{y) := f p\u}+ yei\^ da{u}), - y=<y<—=, 

JdB{o,i) V2 v2 

where B{0, 1) denote the unit ball in dcr is the surface measure on the unit sphere and ei = 
(1, 0,0, 0,0). Notice that 

lo. + = (1 - + („ + = (1 + . (1 + 

can be developped in a power series in y which converges uniformly for d ^ Hence, w 

is an analytic function. It is also symetric, so it is in fact analytic in y^, 

w(y} = w(y^), w(z) analytic for \z\ < -. 


We have tr(0) = u;(0) = p. 
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The representation formula for solutions of the free wave equation, see for example m p- 77], 
yields 


A change of variables shows that for |x| < -^t and t sufficiently small we have 


u. 




where 5ii(2:) is analytic for \z\ < It is easily seen that 5ii(0) = = q (all the terms 

coming from differentiating w vanish at z = 0). Hence, there exists a constant C such that \wi{z) — 
q\ < C\z\ for l^l < and the conclusion follows. □ 

Proposition B.8. For t small enough there holds 

Proof. From ()B.3P and finite speed of propagation we obtain 

11^ “ “L|lxi(|x|<it) ~ /(ll(^0)^^l)ll)xix//i(kl<fd' 

We have 


IK'^O) ^l)llxlxi^l(|a:|<ii) 


r\r-^-2)Vdr~t2/3+i^ 

Jo 


and the conclusion follows. 


□ 
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